We study numerically three-dimensional Z(N ) lattice gauge theories at finite temperature, for N = 5, 6, 8, 12, 13 and 20 on lattices with temporal extension N t = 2, 4, 8. For each model, we locate phase transition points and determine critical indices. We propose also the scaling of critical points with N . The data obtained enable us to verify the scaling near the continuum limit for the Z(N ) models at finite temperatures.
Introduction
The deconfinement phase transition in finite-temperature lattice gauge theories ( LGTs) has been one of the main subjects of investigation for the last three decades. In this paper we concentrate on Z(N) LGTs, which are interesting on their own and can provide for useful insights into the universal properties of SU(N) LGTs, being Z(N) the center subgroup of SU(N).
The most general action for the Z(N)
LGT can be written as
β k cos 2πk N (s n (x) + s m (x + e n ) − s n (x + e m ) − s m (x)) .
Gauge fields are defined on links of the lattice and take on values s n (x) = 0, 1, · · · , N − 1. Z(N) gauge models, similarly to their spin cousins, can generally be divided into two classes -the standard Potts models and the vector models. The standard gauge Potts model corresponds to the choice when all β k are equal. Then, the sum over k in (1) reduces to a delta-function on the Z(N) group. The conventional vector model corresponds to β k = 0 for all k > 1. For N = 2, 3 the Potts and vector models are equivalent.
For an extended description of the phase structure of Z(N)
LGTs in three dimension and for a list of references, we refer the reader to our recent papers [1, 2, 3] , where also a detailed description of our motivations can be found.
In those papers we have initiated exploring the phase structure of the vector Z(N) LGTs for N > 4. More precisely, we have first considered an anisotropic lattice in the limit where the spatial coupling vanishes [1] . In this limit the spatial gauge fields can be exactly integrated out and one gets a 2D generalized Z(N) model. The Polyakov loops play the role of Z(N) spins in this model. For the Villain version of the resulting model we have been able to present renormalization group (RG) arguments indicating the existence of two BKT-like phase transitions:
-a first transition, from a symmetric, confining phase to an intermediate phase, where the Z(N) symmetry is enhanced to U(1) symmetry; -a second transition, from the intermediate phase to a phase with broken Z(N) symmetry.
This scenario was confirmed with the help of large-scale Monte Carlo simulations of the effective model. We have also computed some critical indices, which appear to agree with the corresponding indices of 2D Z(N) spin models, thus giving further support to the Svetitsky-Yaffe conjecture [4] . In particular, we found that the magnetic critical index η at the first transition, η (1) , takes the value 1/4 as in 2D XY , while its value at the second transition, η (2) , is equal to 4/N 2 . Then, we extended our analysis to the full isotropic 3D Z (N) LGT at finite temperature [2] . It is well known that the full phase structure of a finite-temperature LGT is correctly reproduced in the limit where spatial plaquettes are neglected. They have probably small influence on the dynamics of the Polyakov loop interaction. Therefore, the scenario advocated by us in [1] was expected to remain qualitatively correct for the full theory. It was indeed confirmed by numerical Monte Carlo simulations [2] that the full gauge models with N > 4 possess two phase transitions of the BKT type, with critical indices coinciding with those of 2D vector spin models.
The aim of the present paper is to
• extend the study of Ref. [2] to other values of N and to N t = 8;
• check the scaling near the continuum limit and establish the scaling formula for critical points with N.
In particular the study of the continuum limit in this work is an important step forward with respect to Ref. [2] . The theory of dimensional cross-over [5] explains how critical couplings and indices of a finite temperature LGT (finite N t ) approach critical couplings and indices of the corresponding zero-temperature theory (N t → ∞). This provides us with a way to crosscheck our zero-temperature results [3] and thus predict the critical temperature in the continuum limit.
The BKT transition is hard to study analytically, by, say, the RG of Ref. [6] . On the other side, numerical simulations are plagued by very slow, logarithmic convergence to the thermodynamic limit near the transition, thus calling for large-scale simulations, together with finite-size scaling (FSS) methods. The standard approach would consist in using Binder cumulants and susceptibilities of the Polyakov loop to determine critical couplings and critical indices. Here, as in Ref. [2] , we follow a different strategy: we move to a dual formulation and use Binder cumulants and susceptibilities of dual Z(N) spins. This has some important consequences: (i) the critical behavior of dual spins is reversed with respect to that of Polyakov loops, namely the spontaneously-broken ordered phase is mapped to the symmetric phase and vice versa; (ii) the magnetic critical indices η are interchanged, whereas the index ν is expected to be the same (=1/2) at both transitions (see Ref. [2] for details). The obvious advantage of this approach is that cluster algorithms become available, with considerable speed up in the numerical procedure. This paper is organized as follows: in Section 2 we recall the connection of our model with a generalized 3D Z(N) spin model; in Section 3 we present the setup of Monte Carlo simulations and our numerical results for critical points and critical indices; in the same section we study also the scaling with N of critical couplings and the continuum limit; finally, in Section 4 we discuss our results and the open problems.
Theoretical setup
Duality amounts to map a theory based on gauge links to a spin theory and, therefore, it opens the doors to Monte Carlo simulations by cluster algorithms, which make the spin theory much easier to be studied by numerical methods. In this work, following the strategy of Ref. [2] , we study the phase structure of the 3D LGT defined in (1) simulating its dual 3D Z(N) spin model. We briefly recall here the main issues related with the duality transformation.
The 3D Z(N) gauge theory on an anisotropic 3D lattice Λ can generally be defined as
where the link angles s(l) are combined into the conventional plaquette angle
Here, e n (n = 0, 1, 2) denotes a unit vector in the n-th direction and the notation p t (p s ) stands for the temporal (spatial) plaquettes. Periodic boundary conditions (BC) on gauge fields are imposed in all directions. The most general Z(N)-invariant Boltzmann weight with N − 1 different couplings is
The Wilson action corresponds to the choice β p (1) = β p , β p (k) = 0, k = 2, ..., N − 1, which is the one adopted in this work. Furthermore, we will consider an isotropic lattice:
Our study is based on the mapping of the gauge model to a generalized 3D Z(N) spin model on a dual lattice Λ d , whose action is
The dual mapping is realized once one specifies the relationship between the original gauge coupling β and the dual effective couplings β k . This has been done in Ref. [2] (see also Ref. [7] ) and the result is
In [2] the explicit form was given for the connection between the coupling β of the LGT and the couplings β k of the dual spin model in the case of N = 5. Two features clearly emerged there: first, β 1 turned to be much larger (in absolute value) than β 2 , thus suggesting that the 3D vector spin model with only β 1 non-vanishing gives already a reasonable approximation of the gauge model (in our simulations we use all β k ); second, the weak and the strong coupling regimes are interchanged, i.e. when β → ∞ the effective couplings β k → 0 and, therefore, the ordered symmetry-broken phase is mapped to a symmetric phase with vanishing magnetization of dual spins. Conversely, the symmetric phase at small β becomes an ordered phase where the dual magnetization is non-zero. It turns out that the interchange of phases under the dual mapping is not a special feature of N = 5, but is rather a general property valid for any N.
In Ref.
[2] also an interesting phenomenon was discussed: at the critical point β 
Numerical setup and results
The 3D Z(N) spin model, dual of the 3D Z(N) Wilson LGT, has been simulated by means of a cluster algorithm on N t × L × L lattices with periodic BC. The system has been studied for N = 5, 6, 8, 12, 13 and 20 on lattices with the temporal extension N t = 2, 4, 8. With respect to our previous work [2] , we considered new values of N (6, 8, 12, 20) and included also N t = 8.
We focused on the following observables:
where we stress that s(x) is a dual spin variable;
• real part of the rotated magnetization, M R = |M L | cos(Nψ), and normalized rotated magnetization, m ψ = cos(Nψ);
Critical couplings
Studying numerically the behavior of the Binder cumulants U
and the normalized rotated magnetization m ψ for different values of the lattice size L, we have determined the critical points using the following methods:
• as the second transition point β , we Taylorexpanded the Binder cumulant up to the third order around β = β f , getting the coefficients of the expansion by the numerical simulation at β f , and repeated this procedure several times, each time taking β f equal to the previous estimation of β c , making sure that these values do converge with iterations. The error bands on β (2) c were estimated as the largest among the following differences between estimates of β c : a) difference between two consecutive iterations, b) difference between the estimates using 192 L 768 and 192 L 512, and c) difference between the estimates using 192 L 768 and 256 L 768. In most cases the third difference was the largest one.
• The same method can in principle be used for the first transition β or m ψ ; it turned out, however, that the precision required by this method on these observables could not be met with a sensible simulation time. For this reason, as the position of the first critical point we used our previous determinations given in Ref. [2] , where β (6) The results of the determinations of β are summarized in Table 1 .
Scaling of the critical coupling with N
For the critical couplings at the second transition, β
c , where determinations for many values of N are available, we tried to find a simple scaling dependence with N at fixed N t . Taking inspiration from Ref. [9] , we made a few attempts and found that a good fit is achieved with the function
In Table 2 we report the values of the parameters A and B for N t = 2, 4, 8, while Figs. 1 shows the fitting functions against numerical data. Inspecting the behavior of the coefficient A in Table 2 , one observes that it approaches its zero-temperature limit A ∞ = 1.50122 when N t increases [3] . We have investigated this approach in details and found that it can be well described by the following fitting function:
The results of the fits are given in Table 3 and Figs. 2. It can be seen both from the χ 2 r given in the table and from the plots that ν ≈ 0.64 describes data better than ν ≈ 0.67. 
Continuum limit
Finding the continuum limit of the finite temperature theory in the first or in the second transition amounts to extrapolate the corresponding critical couplings, β (1) c or β (2) c , to the limit N t → ∞ at fixed N.
The theory of dimensional cross-over [5] suggests the fitting function to be used:
where β (1, 2) c, T =0 and ν are the critical couplings and the critical index of the zero-temperature theory. Since we know that, for any N, the 3D Z (N) LGT at zero-temperature exhibits only one phase transition, with the critical index ν depending on the side from which the transition is approached [3] , we expect that, for a given N, the fit parameters β (1) c, T =0 and β (2) c, T =0 take the same value and agree with the zero-temperature critical coupling at the same N. As for the fit parameter ν, we expect it to agree with the value of the critical index ν at one of the two sides of the zero-temperature transition.
We fitted with the function given in (10) our data for the critical couplings β (2) c (N t ) at N=5,6,8,12,13,20 (see Tables 4 and 5 ) and for the critical couplings β (1) c (N t ) at N=5 (see Table 6 ). In some cases in the fit we fixed either β , with A ∞ = 1.50122, taken from Ref. [3] ; ν values given without errors are fixed at the known results of the zero-temperature theory [3] . from the zero-temperature theory [3] . The scenario which emerges from the inspection of Tables 4, 5 and 6 is that, despite the large reduced chi-squared obtained in a few cases, the agreement between the fit parameters β (1, 2) c, T =0 and the known zero-temperature critical couplings [3] is satisfactory. As for the value of the fit parameter ν, results are not precise enough to discriminate between the known values of the critical index ν of the zero-temperature theory at one or the other side of the transition [3] .
This analysis allows us for the determination of the critical temperature aT c in the continuum limit for all the values of N considered in this work.
Critical indices
Some critical indices at the two transitions in the 3D Z (N) LGT at finite temperature can be extracted by the standard FSS analysis. In particular, the behavior on the lattice size L of the standard magnetization M L and of its susceptibility at the second transition allows to extract the indices β/ν and γ/ν through a fit with the functions
Similarly, the behavior on L of the rotated magnetization M R and of its susceptibility at the first transition point allow the extraction of the same critical indices at that transition. Thereafter, the hyperscaling relation 2β/ν + γ/ν = 2 can be checked and the magnetic index η = 2 − γ/ν can be extracted at both transitions.
Our results are summarized in Tables 7 and 8 . We can see that the hyperscaling relation is generally satisfied and the critical index η generally takes values compatible with 1/4 at the second transition and with 4/N 2 at the first transition, in agreement with the expectations.
Finally, the critical index ν at the second transition was estimated following a procedure inspired by Ref. [8] : first, for each lattice size L the known function U 
The best estimate of ν is found by minimizing the deviation of dU
L /dx with respect to a constant value. The minimization was done at β (2) c . The resulting values for ν, summarized in Table 9 , exhibit a fair agreement with the expected BKT value 1/2, sometimes within large error bars.
Summary
This paper completes our study of the critical behavior of 3D Z(N > 4) lattice gauge theories both at zero and at finite temperatures. In order to accomplish this investigation, we have used various methods like renormalization group, duality transformations and Monte Carlo simulations, combined with finite-size scaling. Here we would like to outline our main findings and list some open problems left for future investigation.
The main results can be shortly summarized as follows.
• We have found that in all Z(N) vector models two BKT-like phase transitions occur at finite temperatures if N > 4. In this paper we have extended the results of Ref. [2] for N = 5, 13 and N t = 2, 4 to other values of N and to N t = 8. In all cases studied, the results for the critical indices suggest that finite-temperature Z(N) lattice models belong to the universality class of two-dimensional Z(N) vector spin models, in agreement with the Svetitsky-Yaffe conjecture. Furthermore, the available results for many values of N allowed us to propose and check some scaling formulas for the critical point of the second phase transition. Combining the results of the present paper with those for the index ν obtained by us at zero temperature in Ref. [3] enabled us to check the continuum scaling and to predict the approximate value for aT c in the continuum limit.
• Three-dimensional Z(N > 4) models at zero temperature exhibit a single phase transition which appears to be of 3rd order if one approaches the critical point from above and belongs to the universality class of the 3D XY model. However, if one approaches the critical point from below, the index α is compatible with the value of the 3D Ising model. This suggests that the free energy develops a cusp in the large volume limit which leads to different singularities. A very interesting feature of all Z(N) models at large N is the existence of a U(1) symmetric phase on the finite lattice which manifests itself in the characteristic behavior of the scatter plots for magnetization of the dual spins.
The most interesting open problems, on our opinion, are the following.
• More precise determination of critical points and indices at the 1st BKT transition for N ≥ 8 and establishing the formula for the scaling of these critical points with N.
• What is the physics behind the two BKT transitions? Most probably it is related to the existence of two topological excitations dual to each other. This would be similar to what happens in 2D Z(N) spin models. Unfortunately, the analytical proof of this is still to be constructed.
• A very intriguing problem is the physics of symmetric phase at zero temperature. In particular, it is not clear if this phase survives the transition to the thermodynamical limit and how it is connected to the massless BKT phase at finite temperature. 
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